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In order to consistently introduce an interaction between gravity and fermions in the
Ashtekar-Barbero-Immirzi formalism a non-minimal term is necessary. The non-minimal
term together with the Holst modification to the Hilbert-Palatini action reconstruct the
Nieh-Yan invariant. The Immirzi parameter does not affect the classical dynamics, which
is described by the Einstein-Cartan effective action.
The introduction by Ashtekar of self-dual SL(2,C) connections 1,2, which re-
duces the phase space of General Relativity to that of a Yang-Mills gauge theory,
has given a boost to the program of a background independent quantum theory of
gravity and has finally led to the formulation of the so called Loop Quantum Grav-
ity 3,4,5. The use of the complex Ashtekar connections simplifies remarkably the
Hamiltonian constraints of the theory, which are reduced to a polynomial form, but,
on the other hand, in order to assure that the evolution be real, a reality condition is
necessary. Implementing the reality condition at the quantum level is a very difficult
task, so the real Barbero connections 6 are in general preferred, even though the
Hamiltonian scalar constraint results more complicate and non-polynomial. The
relation existing between the complex Ashtekar connections and the Barbero’s real
ones was clarified by Immirzi 7,8, with the introduction of the so called Immirzi
parameter β, in the definition of the new connections. Being introduced via a canon-
ical transformation the Immirzi parameter does not affect the classical dynamics,
but it has important effects in the quantum non-perturbative regimes as explained
in 9. This double role of the parameter β suggests an analogy with the parameter
θ in QCD 10. In fact the analogy exists, because both the parameters results to
be multiplicative factors in front of topological terms (a), as the Holst covariant
aIt is worth noting that the adjective topological is generally referred to objects like the integrals
of Pontryagin or Chern classes, which, if the space is compact, depend only on the topological
characteristics of the manifold, but it is often, even though improperly, used referring to the
object multiplying the Immirzi parameter, which does not belong neither to the Chern nor to the
Pontryagin classes and is defined on a pseudo-Riemannian manifold.
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approach clearly shows 11. Basically the Holst action contains a modification with
respect to the Hilbert-Palatini action, which vanishes once the torsionless second
Cartan structure equation is satisfied, if torsion is present things could change.
As a consequence spinor fields could affect this picture. In fact, as well known,
the presence of spinors in the dynamics generates a non-vanishing torsion 2-form,
which modifies the Cartan structure equation and, in the usual Einstein-Cartan
theory, yields a Fermi-like four spinors interaction term; the questions we want to
address in this brief paper are: Does the Holst modification to the Hilbert-Palatini
action affect the Einstein-Cartan picture? Is the minimal coupling consistent in
this framework or we need to introduce a non-minimal coupling in order to obtain
consistent dynamical equations?
The answer to the first question is addressed in a couple of papers and confirms
what initially expected, in fact, minimally coupling spinors to the gravitational
field described by the Holst action and variating the total action with respect to
the Lorentz valued connection, one finds a non-vanishing right side in the Cartan
structure equation. After having extracted the expression of the torsion tensor:
















(where Ja(A) = ψγ
aγ5ψ) one immediately realizes it differs from the one coming out
in the Einstein-Cartan theory both for the presence of an additional term and for
the dependence on the Immirzi parameter (obviously as soon as the limit β → ∞
is calculated the torsion 2-form above reduces to the one of the Einstein-Cartan
theory): as a consequence also the effective action depends on the Immirzi parameter
12,13. But the derivation of this result is only formally right, because the expression
one obtains for the torsion 2-form in this framework is inconsistent, being the sum of
a vector and a pseudo vector valued 2-forms. The vector valued torsion 2-form above
is, in fact, made up of two parts with different transformation properties under the
sector P of the Lorentz group, in other words if one introduces the irreducible parts
of torsion 14, the trace vector would result to be proportional to a pseudo-vector,
represented by the spinor axial current.
This fact, the resulting modification to the Einstein-Cartan effective action and
the classical role the Immirzi parameter would play in this framework, suggest to
search for a better formulation of the interaction between gravitational and spinor
fields. In particular we suggest to use the following non-minimal action in order to
describe the interaction between the gravitational field and spinor matter 15
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This action reduces to the usual Einstein-Cartan effective action once the second
Cartan structure equation is satisfied and generates consistent dynamical equations
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for every value of the Immirzi parameter (b), generalizing the Ashtekar-Romano-
Tate one 15. The non-minimal spinor coupling term together with the Holst mod-
ification reconstruct, once the Cartan structure equation is satisfied, the so called
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Moreover the non-minimal spinor action (2) can be, unexpectedly, separated in
two independent actions with different weights depending on the Immirzi parame-
ter, where the respective interaction terms contain the self-dual and anti-self-dual
Ashtekar connections; this suggests to search for a similar separation in the Holst
action, in order to rewrite the total action as the sum of two actions describing
independently the self-dual and anti-self-dual sector of the complete theory. This
separation is in fact possible and, as noted by Alexandrov in 17, referring to the
pure gravitational case, both the constraints and the reality condition simplify using
the self-dual and anti self-dual Ashtekar connections as separate variables. On the
other hand, once one realizes that the real Barbero connections can be written as
a weighted sum of self-dual and anti-self-dual connections with weights depending
on the Immirzi parameter, the calculation of the Hamiltonian constraints for the
real Barbero connections can be performed starting from the separated action and
becomes simple.
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bIt is worth noting that the minimal approach previously described applies only to real values of
the Immirzi parameter.
cFor the details of the demonstration and a brief discussion of the Nieh-Yan topological term we
address the reader to 15.
